Preliminaries
Let L p (a,b), 1 ^ p < oo, be the space of all measurable complex-valued functions Lebesgue-integrable with p-th power on the interval (a,b) . Denote by L (a,b) the space of all complex-valued functions essentially bounded in (a,b). As usually, the norm of f € L p (a,b) is given by the formula where the positive number C(k) depends only on k (see [1] , Sect. 99-105, also [7] , p.272-274).
Suppose that f is a real-valued function essentially bounded in each finite interval. Denote by-Ifg p (f) [resp. Kg p (f)] the set of all entire functions P6 Eg [Q 6E g ] real--valued in (-«*>,»), such that
almost everywhere in (-oo, oo) and P -f € L p [f -Q e L P J. In the case of f bounded in each finite interval, we also introduce the sets Ht "(f), HZ "(f) of these P € Kt-"(f), _ b, p o, p o, p Q'€ K_, "(f), respectively, for which the inequalities (1.2) b, p hold everywhere in (-00,00).
The useful characteristics of the best one-sided approximation of real-valued functions f belonging to L p (a,b), bounded or essentially bounded in (a,b), for all finite a,b are given by the formulae inf
In these cases,
-479 -respectively, and
For continuous functions f, f) p = Ag(f) p . Using some analogues of the moduli of smoothness defined in Sections 2 and 3, we shall give the estimates for A^(f)p and Ag(f) p "(1 < p < o©) similar to that of (1.1). Moreover, the converse approximation theorems will be presented. They correspond to the recent results concerning one-sided trigonometric approximation announced in [2], [3] , [4] and [5] .
The symbols C., C-,(k), with integer indices, will mean positive constants absolute or depending on toe parameter k, only.
Modified moduli of smoothness
Consider here a complex-valued function f defined and bounded in each finite interval of (-00,00). Introduce the intervals l|(x) = <x -k , x + k |> (0<5<oo, k = 1,2,...) and the quantity u k (6fX,f) -sup f(t)| (-00 < x < 00).
t.t+khel£(x)
It can easily be observed that, for every finite 6 >p and all real x, Proof of (i). Let g be a positive number. Denote by X the set of all real x such that x±JS/2 are the points of continid.ty of f. Choose an arbitrary x Q e X and T) 6 (-d/2, 6/2)} write
for some s £ , t £ e and each u,v e Henoe -481 - 
Approximation by entire functions
To prove that (p^ is measurable in (-00,00), we introduce the collections In both these cases, the sets Xc are Lebesgue-measurable. Theorefo|re, the functions f^ and -f2 are measurable in (-00,00). Hence the result follows.
Also, a simple calculation leads to Lemma 2.2. (i) If f is continuous in (-00,00), then <pk (k = 1,2,...) are continuous everywhere. (ii) Suppose that every open interval (a,b) of length not greater than k6 contains no more than one discontinuity point of f. Then the set of discontinuity points of cp^ is enumerable at most.
Assuming that (/>^ is measurable in (-00,00), for every fixed 6 > 0, we can define the k-th modified modulus of smoothness of f (in L p -metric) by the formula 
The inequality (i) follows at' once from the identity (f+g)(t) -Aj f(t) + g(t).

The proof of (ii) is similar to that of Proposition 3.3 (ii). Proposition 2.4. (i) Let f be as in Lemma 2.2 (ii). Then, for every p ^ 1 -434 -
(ii) Suppose that f possesses the derivative f' continuous in ( -e>o t oo). Then whenever p ^ 1, S >0 and k = 2,3,...
The assertion of (i) is an immediate consequence of the inequality (2.1).
To prove (ii), we observe that
and that, by Lemma 2.2(i), the function
is continuous on the plane. Further,
Thus and the result follows. 
Proof. The sequence of non-negative measurable functions (2.6) y n U) =w k ; x,f) (n^-J-)
+"nds monotonely to zero for almost every x. Moreover, for ¡very real x,
In view of (2.4), oo /|v n (x)|Pdx<oo. lim X k (1 ; f) = 0. Now, the assertion (2.5) is quite evident. Remark.
In the case k = 1 or k = 2, the conditions (2.4) and (2.5) imply that f is continuous almost everywhere in (-00,00).
Indeed, let f be a function discontinuous in a set E of positive measure, for which the relations (2.4), (2.5) are fulfilled. If is defined by (2.6),. with k = 1 or 2, then
On the other hand, in view of monotonity of the sequence {vn(x)} , a finite limit lim ifMx) =lfKx) 1; DO exists and > 0 for all x € E. Therefore, by Fatou's lemma, lim /|vn(x)| P dx > /|ip (x) (x) eap su'p | A J f(t)j < sup f(t)| uel^fx) t,t+kh6-l|(u) t,t+kh€lj +;i/k (x) Therefore, under the assumption x € (-oofoo) and A^O, 1 c^Ujx,^) ^ cok( 6 + £ ; x,f).
Thus, by 2.l(ii), our result follows.
Further basic quantities
Now let f be an arbitrary complex-valued function of a real variable, essentially bounded in each finite interval. Retain the symbols I^(x), co^fijx.f) and tk(6;f)p used in Section 2.
Write, for every real x, w^(0;x,f) = 0 and
where the infimum is taken over all sets E, E clj(x), of the Lebesgue measure zero (mes E = 0). In the case of f's bounded in finite intervals, (3.1) u^ifijx.f) 4 -^(fijx.f) < oo (¿>0, -oo<x<oo); the sign 4 can be replaced by = if f is continuous in (-00, 00). with a real parameter c.
-490 -
Take an accumulation point x' of Z Q , such that x' + 6/2 are the points of continuity of f. In this case, there is a sequenoe { x n }-] tending to x' for which A sup f(s) ^ c when E c l'(x ), mes E_ = 0. B6lJ(x n )\B ; n n x"
Suppose that x n^x '. Then for almost every x 6 (-00,00), Applying (3.5) and Lemma 3.2, we conclude that t^jfjp is a subadditive function of rj ^ 0. are essentially bounded in each finite interval and, for f's bounded in finite intervals,
If f is continuous in (-00,00), the functions are continuous in this interval, too» Then, for every p 1 and all finite 6>0t A6(g)p + 2AgWp + 2||^||p.
P r 0 j) f • It will be assumed that the right-hand side of the last inequality is finite.
Consider the functions P^, Q^ (j = 1,2) of class lig, such that
Clearly,
Denote by P^(x), Q^(x) the right-and the left-hand sides of this estimate. Then 
Applying the estimate (2.3)» we get the desired result.
Converse approximation theorem
Considering a real-valued function f measurable and bounded in each finite interval, we shall present two analogues of the Berngtein and Popov results given in [l] and [4" ]. (see Lemma 3.2 and Proposition 3.3) .
